Space exploration has recently been growing at an increasing pace and has caused a significant burden to the environment, in particular, during the launch of rockets, when a large amount of fuel is burned and the exhaust gases are released in the air. For this case study, we selected the SpaceX Falcon Heavy reusable heavy-lift launch vehicle, which is one of the most promising rockets for the low-cost lifting of heavy payloads into orbit and beyond. We evaluated several strategies for optimisation of fuel consumption and for minimisation of environmental impact during launch through the atmosphere for the case of its first launch on February 6, 2018, when the rocket carried a red Tesla Roadster with a "Starman" in the direction toward Mars. In addition to the flight plan and Newtonian equations of motion, we have taken into account the thermodynamic properties of the rocket engines. Results are similar but slightly different if one minimises the total fuel consumption for the desired flight plan or if one minimises the environmental pollution during the initial stage of the launch through the atmosphere. The same methodology can be extended for launches in other directions including the Earth orbit and the Moon.
Introduction
The first rocket flights into space began in the 1940s with the German V-2 rocket, which reached 85 km in 1942 and 174 km in 1944 [1] . On October 4, 1957 , the first artificial satellite, Sputnik 1, was launched into orbit by the Russians with an R-7 rocket. In July 1969, the Americans used a Saturn V rocket to send Neil Armstrong and Buzz Aldrin into space [2] . The high price of rocket flights has been an important limiting factor in the exploration of space. Many strategies have therefore been designed to reduce the price of rocket flights. With the vision of reducing the costs of space flight and reaching other planets (especially Mars), Elon Musk founded SpaceX in 2002 [3] . SpaceX developed the Falcon rocket family and became the first private company to launch a rocket into Earth's orbit with the Falcon 1 rocket. They are also the first company to successfully return a rocket launched into low Earth orbit to Earth. Today, the Falcon 9 rocket is already a regular provider of space-to-air flights, most notably satellites into Earth orbit and cargo transport to the International Space Station. Their current largest Falcon Heavy rocket is capable of lifting twice as much cargo into Earth's orbit as the Delta IV Heavy (the world's second most powerful operating rocket) for only a third of the price. The only rocket that could carry more cargo into orbit than the Falcon Heavy is the Saturn V moon, which last flew in 1973 [4] .
The aim of this study is to find strategies that would allow the reduction of fuel consumption when flying a Falcon Heavy rocket, and to estimate, how much fuel could be saved in each flight. In this way, the price of the flight would decrease, and the environmental impact would also be reduced.
In recent history of rocket flights, many different approaches to energy savings have been tested. Most of these approaches were described by Sutton and Biblarz [5] . They deal with different types of propellants, combustion chamber and nozzle designs and materials. They also analyze the combustion chamber and motor case conditions, the nozzle expansion process, engine systems and their control. In this way, their analysis represents the current state-of-the-art for performance of rocket propulsion systems.
Some additional ideas include simulations of rocket engines in order to improve their efficiency [6] , search for a better fuel mixture which would allow for a higher exhaust fuel velocity and a higher specific impulse [7] , and numerical modelling of the combustion of fuel in the rocket, which can be performed with very high accuracy [8] . It is, however, not simple to obtain significant fuel savings using these approaches.
In this study, we attempted to further optimize the flight trajectory, so that the rocket could gain the same energy during launch with less fuel. The expected reduction of price of rocket launches would have a positive impact on future exploration of space as well as on commercial applications of space such as the production of energy in space for use on Earth [9, 10] . In addition, this type of modeling is applicable also in physics education for learning the process of modeling.
Falcon Heavy Rocket
The Falcon Heavy is a 70-meter-tall SpaceX rocket that weighs about 1420 tons at take-off [11] . It is the largest rocket from the Falcon family and, at the same time, the most powerful operating rocket in the world. It is capable of lifting 54 tons of cargo into low-Earth orbit, far higher than the Falcon 9 (the second largest rocket of the Falcon family) capable of lifting 13 tons of cargo into low-Earth orbit. It is roughly made up of three parts: zero, first and second stages.
The zero stage of the rocket is represented by two side boosters and is indicated by a red dashed line in Figure 1a . Each thruster contains nine Merlin 1D engines, an empty one weighing about 17 tons and a capacity of 407.6 tons of fuel. The first stage of the rocket is indicated by a blue dashed line in Figure 1a and represents the center core of the rocket. The first stage also has nine Merlin 1D engines, an empty one weighing about 17 tons and room for 407.6 tons of fuel. In this paper, we refer to the entire first stage as the main engine. The second stage is the capsule at the top of the rocket, indicated by the green line in Figure 1a . It has one Merlin 1D Vac engine, the empty one weighs 4.5 tons, and holds 107.2 tons of fuel. A total of 1330 tons of fuel goes into the entire rocket.
The fuel used by the Falcon Heavy rocket is RP-1 (Rocket Propellant-1 or Refined Petroleum-1) and is a type of kerosene. For combustion it also uses LOX (liquid oxygen), which serves as an oxidizer without which there would be no combustion. They mix in a ratio of RP1: LOX = 1: 2.33 [12] , and the price of the mix is about $ 0.48 per kilogram [13] . The Falcon Heavy rocket test flight was conducted on February 6, 2018 from Florida [14] . For this flight, it was possible to obtain the position, velocity and acceleration data of the rocket and the dynamic pressure on the rocket from the test flight telemetry [15] . The user who posted the data on the reddit.com portal obtained this information from a live flight download using a program from the Github source [16] . Figure 1b shows the coordinate system used with the model. The starting point is at the point where they launch the rocket. The red dot inside the Earth represents its mass center. The blue dashed line approximates the flight path. All the rocket specifications used with the model are shown in Table 1 . Table 1 . Specifications for Falcon Heavy Rocket [12] . The fuel mass data is for the single-use version. The reusable version saves 2-3 tons of fuel in each thruster and the first stage that is required to land that portion of the rocket back to Earth. The specific impulse is proportional to the thrust force stroke. 
Modelling of the Falcon Heavy flight
The computational model for the determination of the time dependence of rocket mass and mass flow φ m was developed within the diploma seminar [17] , which was presented at [18] . The flight data were obtained from the test flight telemetry [15]. The fuel consumed was observed in terms of the specific impulse (I SP ), for each rocket stage at sea level and in vacuum and the fuel speed relative to the rocket (v g ) is obtained from the equation
where g 0 = 9.81 ms −2 is the gravity acceleration on the Earth's surface. Equation (1) is obtained by the following consideration. Fuel thrust force (F T ) equals to
where φ m is the mass flow rate of the rocket fuel and is equal to the mass of fuel (∆m) thrown by the rocket at the time interval ∆t following the equation
The specific impulse is calculated as
As the specific impulse changes with altitude, consequently the speed of the fuel also depends on the altitude. For the specific impulse data was available at sea level and in vacuum. In between, the specific impulse was interpolated in proportion to the density of the air. The air density (ρ) dependence on the altitude was obtained from the test flight telemetry [15] data on dynamic pressure (q) as
where u is the velocity of the air relative to the rocket, which is the same as the relative velocity of the rocket (v r ) as obtained from the telemetry data [15] . Our model split the flight into three sections. In the first part, both the side thrusters and the main engine operate. The side thrusters are considered together as one engine. The ratio (µ) between how much fuel per time unit the side thrusters consumed together and how much fuel per time unit both the thrusters and the main engine consumed at some point was 0.717. This ratio was chosen so that the tanks of the individual stages were emptied at the same time as they were emptied in real flight. The rocket then discards the side thrusters and follows the second part of the flight when only the main engine is lit. When the main engine tank is emptied, the rocket discards it. The third part of the flight follows, when the rocket has a second stage. At that time, the rocket was far from the Earth's atmosphere, so the rocket speed (v g3 ) of the rocket was constant. In the first and second parts, however, the fuel speed is height dependent (indicated by v g12 ).
The model was solved numerically with the Euler method with the time step of one second using the empirical data from the Falcon Heavy Test Flight Telemetry [15] . Inside the loop, at each step the x and y components of (F G ) and (F D ) were calculated. In addition to these two forces, the reaction thrust force was exerted on the rocket by the fuel escaping from the rocket (F T ), which was calculated using the Newton law of motion from the expression
where M is the instantaneous mass of the rocket and the instantaneous acceleration of the rocket. First the mass flow rate of the rocket fuel φ m was calculated, and consequently the amount of fuel the rocket consumed from each tank and the components of the thrust force F T = −φ m v g . The drag depends on the rocket speed quadratically and on the density of air, which is the largest at the sea level and decreases fast with height. Although the drag force during the launch can be quite significant, it is even at the highest level in the early part of the launch still about two orders of magnitude small. Since the drag decreases fast with height, for most of the flight it is negligible. The reduction of the drag force would therefore contribute only a very small part to the energy savings which is estimated to less than 0.1%.
As the strategy to save fuel, the time interval was split from the start of the flight to the time when the rocket dropped the main engine into two equal lengths. In order to monitor how the time dependence of the mass flow of fuel on the total energy of the rocket affects, in the first half the mass flow was changed, and in the second half the mass flow was changed in the other direction, so that the total fuel mass consumed did not change (panel below the graph). A parameter λ was introduced as a measure for the change in the mass flow in each of the described two parts of the flight. Vhe λ value was varied from −7000 kg/s to 2000 kg/s in 100 kg/s increments. At each step, the rocket flight was simulated and the total energy after the end of the observed flight calculated. An example graph of the model time dependence of the rocket mass flow rate (green curve) versus the real graph (red curve) is shown in Figure 2 . The result of this part of the program is a graph in Figure 3 showing the dependence of the rocket's end energy divided by the rocket's final energy at real flight on the value of λ and the dependence of the maximum resistance force on the value of λ. Figure 3 shows that in the presented range the total energy decreases with increasing value of λ. The maximum resistance force decreases with decreasing λ, decreases with increasing value λ for a while, and then starts to rise sharply. The reason for the steep increase in the maximum resistance force at increasing λ is that the rocket has a lower mass flow of fuel at the beginning of flight and therefore accelerates more slowly and is still very low at the time of the left red line in Figure 2 . Then it starts to accelerate greatly because the mass flow is suddenly greatly increased. However, since the rocket is low at the time, the air there is denser and, with the high speed of the rocket, the resulting resistance to the rocket is much greater.
In order to reduce fuel consumption (or increase the final total energy), we conclude that λ must be as small as possible (greater negative values). At lower λ values, the mass flow rate at the beginning of the flight was higher than the original. From this, it follows that it is more advantageous from the energy point of view for the rocket to turn on the rocket engines at maximum power at the beginning of the flight, and then maintain this for as long as possible. At the same time, the maximum resistance force increases.
Optimal Time Dependence of the Mass Flow
The purpose of this study was to find such a flight trajectory that would yield the same final energy of the rocket with the least amount of fuel. We start from the rocket equation for a simplified case, which can be solved for velocity v as a function of time t as [19] :
where v 0 is the initial velocity and m 0 the initial mass of the rocket, m the current mass of the rocket and g 0 the gravity acceleration. Our case is more complex, because the gravity acceleration decreases with height and the drag force further reduces the velocity. Nevertheless, the last term in Equation (8), which determines the time dependence, behaves similarly also in presence of drag, as long as it is not large. This means that long times of flight decrease the final velocity and thus also the final energy. It is therefore important to reduce the time of flight as much as possible.
The time of the flight will be shortest, if the rocket has the biggest possible mass flow at the beginning of the flight, so it moves away from Earth as soon as possible. This strategy was therefore selected for the model flight, which was evaluated numerically to verify the actual fuel savings. There are, however, two problems with this strategy. The first problem is that the higher the rocket mass flow rate, the higher the rocket velocity and the greater the drag force to the rocket. This on one hand dissipates energy, so that fuel is wasted, and on the other hand, the rocket could approach the maximum value of the drag force that the rocket can structurally withstand. The second problem is that an increase in the fuel flow rate also increases acceleration, which can become too high for flights with human crews. Namely, acceleration greater than 4 g 0 is only possible for a few seconds for an average person before they faint, which can be followed by death [20] . Higher accelerations could only be sustained by trained individuals in special suits, so the rocket flights carrying human should be limited to accelerations of less than 4 g 0 .
Therefore the following constraints had to be used for the mass flow φ m in the model flight: The mass flow was limited to the maximum mass flow rate from real flight and the value of the rocket drag force was also limited to the maximum value of the rocket resistance force of the original flight. In each step of the simulation this constraint was checked, and if the drag force was too high, the step would be repeated with a smaller value of the mass flow. We did not model the flights with human crew, however, for such flights the mass flow would also be limited by the maximum acceleration acceptable to humans, which should be less than 4 g 0 .
The determination of the maximum possible mass flow rate during the flight also depends on the number of rocket engines during each stage. In the first stage there are 27 engines, in the second stage 9 engines, and in the third stage 1 engine. Based on the above described constraints, a model flight exhibiting the biggest possible mass flow at the beginning of the flight was simulated by solving Newton's laws of motion numerically using the Euler method. The time dependences of φ m and the drag force in this model flight are shown in Figure 4 . The magnitude of φ m decreased between 30 and 70 s because the drag force was then at its maximum permissible value and the rocket had to reduce its engine power. 
Results and Discussion
Numerical solution of the model flight returned the flight trajectory in terms of position and velocity as a function of time. From this result, all the forces and the energy were evaluated for the complete model flight. After the end of the model flight, the total rocket energy was calculated and compared to the total rocket energy of the original flight. The time dependence of the total energy for each flight is shown in Figure 5 , which shows that the rocket had a final total energy of about 1% greater for the model flight than in the real flight. In order to calculate the fuel savings, we repeated the numerical simulations of the model flight with different reduced amounts of initial fuel.
One also has to answer the question, from which engine should the fuel be removed? Since the rocket first dumps the side thrusters and this reduces its weight, it is clear that the best fuel saving strategy is to reduce the amount of fuel in the side thrusters. In this way, the rocket could dump them as soon as possible when they run out of fuel.
In the calculation, the amount of fuel in the side thrusters was decreased in small steps, and then a flight simulation was performed again. At each step, the final total energy of the rocket was calculated. The dependence of the final energy on the amount of fuel saved was obtained from numerical calculations of the model flight with reduced amount of fuel is presented in Figure 6a . When the final total energy of the empty rocket in the model flight matches the final total energy in the real flight, the reduction of initial fuel mass m equals the fuel savings. Namely, if there were less fuel aboard, the rocket could not reach its final total energy, and if there were more fuel aboard, the rocket would be carrying unnecessary weight. From the graph in Figure 6 , it can be deduced that, in such a flight mode, the rocket could theoretically save about 35.5 tons of fuel, which is 2.7% of the total fuel of the original flight.
Conclusions
This study dealt with the flight of the Falcon Heavy rocket. Using a computational model, we simulated a real flight and obtained the time dependence of the mass flow rate of the rocket fuel ( Figure 3b ). The time dependence of the mass flow of fuel was then varied (Figure 2) to monitor how the time dependence of the mass flow of fuel affected the total energy of the rocket. In the first part of the flight, we reduced the mass flow of fuel by a certain value λ, and in the second part, we increased the mass flow by the same value λ so that the total mass consumed did not change. We obtained the dependence of the ultimate energy of the rocket on the value of λ (Figure 3 ). It follows that the lower (negative) values of λ are better from an energy point of view. By imposing a limit on the maximum value of the mass flow of fuel and the maximum value of the force of resistance on a rocket at the maximum value in real flight, we obtained the time dependence of the mass flow of fuel in Figure 4a . From the graph in Figure 5 , we can read the difference of energies at the end of the real and model flight. The result in Figure 6b shows an estimate of the possible fuel savings required for a rocket flight, which is around 35.5 tons, or 2.7% of the total fuel of the original flight. Such a saving can be realized without any investment by only slightly changing the flight path of the rocket, and it can reduce both the cost of space flight and the environmental pollution from space flights, as less fuel would be burnt.
As the final result, the fuel savings of the rocket were estimated as obtained by only slightly changing the time dependence of the mass flow of fuel. This simple method has a significant potential to reduce the cost of space flight and also the environmental impact of burning fossil fuels during rocket launches. This fuel saving strategy could be used for any rocket and could have a major impact in the near future, in particular, in view of the fact that SpaceX plans to significantly increase space flights due to the desire to colonize Mars [21] .
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